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Abstract. We describe the Cartan and Weil models of twisted equivariant 
coliomology together with the Cartan homomorphism among the two, and we 
extend the Chern-Weil homomorphism to the twisted equivariant cohomology. 
We clarify that in order to have a cohomology theory, the coefficients of the 
twisted equivariant cohomology must be taken in the completed polynomial 
algebra over the dual Lie algebra of G. We recall the relation between the equi- 
variant cohomology of exact Courant algebroids and the twisted equivariant 
cohomology, and we show how to endow with a generalized complex structure 
the finite dimensional approximations of the Borel construction M Xq -EGj., 
whenever the generalized complex manifold M possesses a Hamiltonian G ac- 
tion. 



1. Introduction 

In ordinary equivariant cohomology there are two well known models, the bigger 
while more geometrical Weil model and the smaller while more algebraic Cartan 
model. In [HuH], the authors defined twisted equivariant cohomology following 
the Cartan model and showed that the twisted equivariant cohomology satisfies 
the cohomology axioms under some natural assumptions, for example, that the 
group G is a compact Lie group. Under these assumptions, the corresponding 
Cartan model is twisted by a closed equivariant 3-form (Q. In the non-twisted 
case, the Cartan homomorphism gives a quasi-isomorphism between the Weil and 
the Cartan models. In this article, we show ([J3l f}5|) that in the twisted case, the 
twisted equivariant theory also has the corresponding twisted Weil model and a 
that the Cartan homomorphism could be extended to the twisted models yielding 
also a quasi-isomorphism between them . Moreover, we show that the Chern-Weil 
homomorphism can also be extended to the twisted equivariant case, which we 
use to demonstrate that the twisted equivariant cohomology is isomorphic to the 
twisted cohomology of the Borel construction; this provides us with an alternative 
roof of the fact that the twisted cohomology is indeed a cohomology theory (cf. 
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One subtlety comes up when defining the equivariant theory in the twisted case. 
In the ordinary Cartan model, we consider the complex (fi* (M) (g) S'(g*))*^ with the 
equivariant differential da- In the twisted case we have to consider the complex 
{il*{M) (g) S{q*))^ where the S{g*) is the completion of the algebra S{q*), because 
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otherwise, the twisted cohomology defined over the uncompleted algebra could be 
non finitely generated as we show in the Appendix (©. 

The twisted eg ui varian t cohomology appeare d as the equivariant theory of gener- 
alized complex manifolds HUb . Linb . Linal . Ibi] | . Then in the case of a Hamiltonian 



G-action on a generalized complex manifold M, when G is compact and the finite 
approximations BGk of BG are symplectic, we apply the coupling construction 
using the principle G-bundle EGk BGk to show that the finite approximations 
of the Borel construction M Xq EGk are generalized complex as well. The explicit 
computation of the twisting form here coincides with the result given by the twisted 
version of the Chern-Weil homomorphism. 

The structure of the article is the following. In f|2] we recall the basics on the 
symmetries of the exact Cour ant a lgebroids as well as the definition of extended 
equivariant cohomology from HUbl | . In ^J3] we recall the twisted equivariant coho- 



mology in both the Cartan and the Weil models. We also clarify the subtlety about 
the completion mentioned above. Then we show in fj4l that when the Lie group 
G is compact the extended equivariant cohomology is isomorphic to some twisted 
equivariant cohomology. The Chern-Weil homomorphism and its consequences are 
shown in Jj5l In Sj6l we describe the coupling construction for Hamiltonian actions 
on generalized complex manifolds using principle G-bundles. The Appendix fJ7| 
compares the cohomologies of the completed and uncompleted complexes for the 
twisted equivariant cohomology using the example 14.51 
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2. Symmetries of Exact Courant Algebroids 

2.1. Exact Courant algebroid. An exact Courant algebroid is a Courant alge- 
broid TM over a manifold M that fits into the exact sequence 

^ T*M TM — ^ TM ^ 0. 

The Courant algebroid TM is endowed with a nondegenerate symmet r ic biline ar 
form and a skew symmetric bracket called Courant bracket (see LWX97I . IBCGOTI]) . 



One ca n always choose a splitting s : TM —i- TM with isotropic image (see (Sev 



SW01[) such that one can identify the extended Courant algebroid with the direct 



sum of the tangent and the cotangent bundles of M, namely 

TM 4 TM := TM T*M 
X (a(X), X — s(a(X))) 

X ^ {x + 0- 
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With this identification the Courant bracket on TM becomes the H twisted 
Courant bracket on TM, where if is a closed three form determined by the spUtting: 

[X + i,Y + i^H = [X, Y] + Cxv - l^vi - \d{ix'n - ^vi) " ixiyfl; 
and the bihnear form becomes: 

Let us emphasize that the sphtting of the Courant algebroid is not canonical; 
for any two form the B-ficld transformation of the splitting 

gives another splitting of TM with twisting three form if — dB. The cohomology 
class \E\ e i?^(M;M) is called the Severa class of TM. 

From now on we will work with a chosen splitting of the Courant algebroid TM. 

Hence, the three form H will also be fixed. 

2.2. Symmetries of the Exact Courant Algebroid. The group DiffM k ^(M) 
with composition 

(A,a)o(/i,/J) = (AM,M*a + /3) 
acts on TM in the following way 

(A, a) o (X + = \*X + (A-i)*(C + ixa) = X,X + {X-^)*^ + ix,xa 
and its induced action on the twisted Courant bracket becomes 

(A, a)o[X + ^,Y + r]]H = [(A, a) o {X + 0, (A, a) o {Y + v)]ix-^nH-da)- 
Hence, the group of symmetries of the Exact Courant algebroid TM is 
i^H ■■= {(A, a) e DiffM K n'^{M) \ H = {X-^)*{H - da)} 
The Lie algebra of 'S^h is then 

= {{X, A) e r(TM) e ^^(M) | dA = -LxH = -dixH] 
with Lie bracket 

[{X, A), {Y, B)\ = {[X, Y],CxB - CyA), 

and with infinitesimal action on TM given by 

{X, A)o{Y + vi) = [X, Y] + Cxri - lyA. 

Note then that (X, A) belongs to SCh if and only if di^A + txii) = (this equation 
will be of use later). 

Definition 2.1. A Lie group G acts on the exact Courant algebroid TM if there 
is a homomorphism 

G^^H g^{Xg,ag), 

and a Lie algebra g acts infinitesimally on TM if there is a Lie algebra homomor- 
phism 

Q^^H a^{Xa,Aa.). 
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2.3. Extended symmetries. Note that there is a homomorphism of algebras 

K : T{TM) {X + ^)^ {X, - LxH) 

that sends the Courant bracket to the Lie bracket on ^jj. With this in mind we 
have an action of T{TM) on itself given by the formula 

{X + 0oiY + 7^) = [X, Y] + Cxv - (d^ -ixH). 

Definition 2.2. We will say that the Lie Group G (or the Lie algebra g) acts by 
extended symmetries on TAf whenever: 

• the infinitesimal action factors through r(TM) as algebras, i.e. there is an 
algebra homomorphism 

<5:(0,[,]) ^ (r(TM),[,]«) 

a l-> {Xa + Ca) 

that makes the infinitesimal action be a i—s- {Xa, dS^a — I'Xa^), and 

• the image of g in r(TM) is an isotropic subspace, in other words, for every 
a,b e 2 

{Xa+U,Xt + ^b) ^0, 

and what is the same 

iXaCb = -iXt,Ca and Lx^£,a = 0. 

Remark 2.3. We wo uld lik e to point out that an "extended action", as we have 
defined above and in is equivalent to a "lifted action" as is defined in section 



2.3 of BCG| | (we use the skew-symmetric version of the Courant bracket while in 



BCGj is used the non-skew-symmetric version, but as in both cas es the image of 



the Lie algebra must be isotropic, then the two definitions agree). In jBCG07l . lBCG | 
the authors call "extended action" a more general type of construction that includes 
Courant algebras and Courant algebra morphisms a r(TM) that extend the Lie 
algebra morphism g r{TM). 



2.4. Extended equivariant cohomology. In the last two authors have 



defined an equivariant cohomology for extended actions. Let us recall the construc- 
tion. 

Consider the complex of differential forms n'{M) := 17°™"(M) ® n°'^'^{M) but 
with Z2 grading given by the parity of the degree and odd differential dn '■= d — H/\ 
where 7? is a closed 3-form on M. The cohomology of this complex H*{M,H) is 
known as the iJ- twisted cohomology of M. 

For X = X + ^ g r(TM) consider the even operator Cx and the odd operator 
Lx that act on n'{M) in the following way: for p S ^*{M) we have 

i^xP = i^xp + A p and CxP = Cxp + {d£, - lxH) A p. 

If we consider any two elements X, 2) that lie in the image of the map (5 ; g — > 
r(TM), then the operators C, i and dj^ behave in the following way with respect 
to the graded commutators (see HUb, Thm. 4.4.3]): 

[£3e, i?)] = ''[x.ajlff [(iH,£a;]=0 and [d//, d_ff] = 0. 
Following Cartan GS99| |. we will consider the algebra ri'(Af) ® 5'(g*) of formal 



series on g with values in ri*(Af). The algebra 5'(g*) is the a-adic completion of 
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the symmetric algeb ra 5(n* ) where o is the ideal generated by all elements without 
constant term (see AM69I . Ch.lO]); in the next sections it will be clarified why 
it is necessary to complete the symmetric algebra . If {a, 6, c...} is a base of 
Q and Q°-,n'^,... are dual elements of even degree then S{g*) = R[il", fi'', . . . ] 
and 5(0*) — R[[ri°,i7^, ...]]. Recall also that for any a and b in the Lie algebra, 
toO'' = 0, dfl'' = and therefore Ca^'^ = fca^'^ where the structural constants of 
the Lie algebra q satisfy [5, c] = f^^a. 

If we consider an extended action & : q ^ r(TM) we can extend the action of 
the operators Cg^a) a-nd us^a) on the generators ^*{M) ® S{q*) in the natural way, 
namely 

Cs(a){p®^^)-^{C-S(a)p)®P + P®Can'' and L&(a){P ® {iS(a) p) ® . 

and we can define the extended equivariant differential 

: ^'{M) ® S{q*) ^ n'{M) §(3*) 



as the odd operator 

where the sum sum goes over a base of g and we are using the repeated index 
convention. 

It is easy to check that 

{dg.sfp = ~'^"C,5(a)P 

and t herefore the second two authors have proposed the following definition (see 
HUbl . Def. 5. LI]) 

Definition 2.4. Let 5 : Q ^ r(TM) be an extended action, then the g-extended 
equivariant complex of TM is the Z2 graded complex 

C;(TM; 5) := {p e n'{M) ® S{q*) \ Cs(a)P = for aU a e g}; 

with differential dg^s- The cohomology of H*{TM; 6) of the complex (TM; 6) is 
the extended g-equivariant De Rham cohomology of TM under the extended action 
defined by S. 

Let us note that the extended g-equivariant cohomology does not depend on 
the choice of splitting for TM and its isomorphism class depends only on the 
Severa class of the Courant algebroid. If one performs a i?-field transform, the 
action transforms 6 to to S'{a) = Xa + + i-x^B, one gets the isomorphism : 
Q,'{M) n*{M) and therefore one obtains a quasi-isomorphism of complexes 
C*(TM;5) C^{TM;S') with d^j, := dn-dB ® 1 + ^""i-S'ia) that induces an 
isomorphism of cohomologies H*{TM; S) = H*{TM; 6'). 

Also, if we take the Cartan complex 

C;(Af) ^{pe n*{M) (g> 5(g*) \Cx^p^O for aU a e g} 

with differential dgp = dp — D,°'Lx^p, then the extended g-equivariant complex 
C'(TM; S) becomes a module over C*(M) and therefore the extended g equivariant 
cohomology H*(TM; 6) is a module over the equivariant cohomology H*{M). In 
particular we have that 7J*(TM; 5) is also a module over ^(g*)^ = H*{-). 

So far we do not know whether the extended equivariant cohomology fulfills 
all the properties of an equivariant cohomology theory, nor if it has a topological 
counterpart. Nevertheless, in the case that the group G is compact, the extended 
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equivariant cohomology turns out to be equivalent to what is known as twisted 
equivariant cohomology. This will be the subject of the next sections. 

3. Twisted equivariant cohomology 

In as much as the twisted cohomology is defined twisting the differential of the De 
Rham complex with a closed 3-form, the twisted equivariant cohomology is defined 
by twisting the equivariant differential with a closed and equivariant 3-form. 

We will define the twisted equivariant cohomology using the Cartan model and 
we will explicitly show the relation with the twisted Weil model. Then we will 
generalize the Chern-Weil map for twisted equivariant cohomology and we will 
finish by giving the topological counterpart of the twisted equivariant cohomology. 

Remark 3.1. We would like to emphasize the fact that the twisted cohomology is a 
Z2-graded theory; therefore all inverse limits that will be carried out in this section 
will be Z2 -graded. Let us see the difference with a simple example: 

Take the Z-graded rings i?*(CP") = R[x]/x'^+^ where \x\ = 2. 
The inverse limit of these Z-graded rings is the polynomial algebra 
ff*(CP°°) = R[x]. Now, if one consider the same rings i7'(CP") = 
]R[a;]/a;""'"^ but Z2-graded, as in the case of twisted cohomology, 
the inverse limit of these rings gives the algebra of formal series 
H*{CP°°) = R[[x]]. 

To distinguish between Z and Z2 graded theories we will denote the former with 
an asterisk H* and the latter with a bullet H*. 

Let us start by recal ling the models of Cartan and Weil for the equivariant 



coholomogy (see [MQ86|) 



3.1. Equivariant cohomology. Following Weil one introduces a universal model 
for the curvature and connection on a principal G bundle. The Weil algebra is then 
by definition 

Wis) :=5(0*)®A(fl*) 

the tensor product of the symmetric algebra and the exterior algebra of g*. If we 
denote with lower case letters a,b,c, . . . a base for the Lie algebra g then we will 
denote by 0° the variables dual to a of degree one that generate the exterior algebra, 
and by fi" the variables of degree two that generate the symmetric algebra. 
The derivations and contractions on this algebra are generated by 

where /^^ are the structural constants: [6, c] = f^^a. 

The tensor product Q,*{M) (g) W{g) is a differential graded algebra with a g 
action and derivations La satisfying the standard identities of the contractions. The 
contractions La act on the differential forms n*{M) by contracting on the direction 
of the vector field Xa that a generates, but to make the notation less heavy we will 
simply denote La the operator lx^ ■ The Lie derivative Ca is defined by the Cartan 
formula Ca = dLa + Lad. 

The basic subalgebra 

n;iM) ■.^{n*{M)®Wig)}bas :=fl(ker/:„nkert,) 
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is a differential graded algebra whose elements are called (Weil) equivariant differ- 
ential forms and whose cohomology H* {il.*{M)) is the G-equivariant cohomology 
of M. 

Cartan Car51 | of. MQ8d | showed that there is a smaller model for the equi- 
variant forms which is given by the G-invariant forms on {il*{M) (g) S'(0*))8 with 
differential given hy dg = d ~ fl"- La- Let us denote the cohomology of this complex 

by 

h;{m) ■.^H*i{n*iM)(^si3*)r,d,). 

Cartan showed that there is a homomorphism 

j ■.n*{M)(g) 3(0*) ^ n*{M)(g)W{Q) 

a 

that induces a quasi-isomorphism of complexes 

(3.1) j:in*{M)^S{g*))'^^l{M) 

and therefore the map j induces an isomorphism of equivariant cohomologies 

j:H;{M)^H*{n;{M)). 



3.2. Twisted equivariant cohomology. Let us start by taking a closed equi- 
variant 3-form H + Q'^^a on the Cartan complex (17* (M) (g) S{q*))^ with H a 
3-form and 1-forms on M. 

The fact that TC is closed implies that 

d^n ^{d~ n\b)iH + n^Ca) =dH + n^id^a - l-aH) - n'Tl^LbCa = 

which happens if and only if 

dH = d^a - i^aH = and ia6 = -i-b^a- 
The fact that H is equivariant implies that for all 6 G g 

CbH = CbH + {Cbn^)^a + n'^iCb^a) = + /5,r!^ea + ^''{CbS.a) = O; 

this happens if and only if 7Y is g invariant and S^^b.a] ~ ^bS,a- 

Remark 3.2. For an extended action 6 : g ^ r(TM) the three form H + n°'£^a, with 
H is the twisting form and = <5(a) — Xa, would be closed and equivariant form 
if and only if d^a ~ —i-aH, as this would imply that CaH = diaH = —dd£^a = 0. 

Let us now see what is the image in the Weil model of the three form Ti. We 
need this in order to have a very explicit description of the twisted Chern-Weil 
homomorphism. Fortunately the expression of the three form turned out to be 
very simple, its proof not; we will reproduce here the calculations. 

Proposition 3.3. The image ofTi. in fl*{M) under the quasi-isomorphism j de- 
fined in iS. 1]) is the basic three form 



H := j{n) = H + dio'^^a) - -diepe'^Lq^p). 
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Proof. We will proceed by expanding the derivations in the three form H and we 
will compare them with the expansion of j{Ti.). 
Let us start by expanding H: 



H = H + did-^a)-7;diOPe'iig^p) 



(3.2) -i^Pg-Jd^.^p. 

Numerate from left to right the expressions in line p.2p . We will match them 
with the expansion of j{HQ). Let us calculate then: 

6 

L D 

As we have that 

lcd(,b = ^c^b — dtcCb = C[c,b] ~ citc^b, 

then 

(3.3) -l0''9'0'ieicd^b- 

6 

We see that the first 6 terms in p.3p match all but the sixth term in p.2|) . Let us 
then expand the last term in (|3.3p : 

-le''d'9''i,L,dCb = -le''0'=9'L,{Cc^b~dL,Cb) 

6 6 

= --9^9'^9^ ('•eC[c,h] — i-c^e^b " '-[exjCb) 
= --9''9''9'' {t-eS,[c,b] - icCfe.b] + '-b^[e,c]) 
= --9''9''9''Le^[c,b] 

and we can see that it matches the sixth term in p.2p . Here we have used the fact 
that 

''[e,c]6 = fec'-a^b = - fec^b£,a = -''b£.[e,c\- 

□ 
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Let US note that as H is basic we have that iaH = 0, £aH = and dH = 0. 

Having in hand the closed three forms defined previously, we can now change 
the differential in the Cartan model as well as in the Weil model. But as the 
twisted equivariant cohomology is a Z2-graded theory, we first need to complete 
the symmetric algebra S{g*) in both the Cartan and the Weil model. Then let us 
denote = 5(0*)® A(0*). 

Now, in the Cartan model define the twisted equivariant differential as 

dg,n := dg - 

and in the Weil model as 

dn := - H A . 
As we have that [d^^-j-if' = and {dnY — 0, we can define: 

Definition 3.4. The (Cartan) twisted equivariant cohomology is the cohomology 
of the complex of g-invariant forms of il*(M) ® S{q*) and the twisted differential 
rfg,K, i-e. 

Hl{M,n) ■.^H'{{n'{M)®S{Q*)Y-d,^n)- 

The (Weil) twisted equivariant cohomology is the cohomology of the basic forms 
f]»(M) = (f]*(M) (g) W{Q))bas with the twisted differential dn, i.e. 

i/-(f7;(M),H) ■.= H'{ni{M)-d^). 

As the map j : VL*{M)® S{q*) — > Q.'{M)®W{q) induces a quasi-isomorphism of 
complexes j : {n*{M) (g) S{g*))^ ^1{M) and jiHc) = H, then we can conclude 
that j also induces a quasi-isomorphism of twisted complexes. So we have 

Proposition 3.5. The Cartan and the Weil twisted equivariant cohomologies are 
isomorphic, 

j:H'{M,H)^H'{hl{M),ll). 



In [HUbl | the last two authors have shown that the twisted equivariant cohomol- 



ogy possesses all the properties of a cohomology theory. Moreover, as the twisted 
equivariant cohomology is a module over the symmetric algebra S{q*)^ (the equi- 
variant cohomology of a point) then the last two auth ors hav e shown that a gen- 
eralization of the localization theorem of Atiyah-Bott AB84| in the case of torus 



actions holds for the twisted equivariant cohomology; namely, for F — the fixed 
point set of the action, and i : F ^ M the inclusion, one has that in a suitable 
localization, for all classes x G H'{M,Ti) the following formula holds 



ZCF 



where Z runs over the connected components of -F, and eaivz) is the equiv ariant 
Euler class of vz the normal bundle oi Z m M (see Theorem 7.2.5 in HUbl |). 
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4. Extended equivariant cohomology for compact Lie groups 

In this section we wih show that in the case of an extended action of a compact 
Lie group, one can find an appropriate choice of sphtting of the exact Courant 
algebroid in such a way that the extended equivariant cohomology becomes the 
twisted equivariant cohomology of the previous section. 

Let us first show how the group of symmetries "^u change after performing a 
S-field transform, thus changing the splitting of TM. For (A, a) E it is easy to 
check that 

{X,a + \*B - B) o e^{X + ^) ^ e^ii\,a) o {X + 0), 
and therefore the group of symmetries changes to 

(4.1) (A, a) {X,a + X*B^ B). 

Let us denote H := H ~ dB. 

Lemma 4.1 (Prop. 2.11 [BCGOTI ). Consider the action of a compact Lie group G 
on the extended Courant algebroid TM given by the map G — > '^H) g ^ i^gjOig)- 
Then there exists a 2-form B such that 

ag + XIB - B = for all g £ G; 

and therefore after changing the splitting with B (see equation \4.1^ , the action of G 
is only given by diffeomorphisms, i.e. G — *■ '^fjj, g i— > (Ag,0). Moreover, the 3- form 
H = H — dB is G invariant. 

Proof. For g e G and B e n'^{M) let us define the 2-form 

g-B:= (X-'riB-ag). 
This becomes an action of G on ri^{M) as we have that 

ihg)-B = ((A-;)*(i3-a„,) = (A-i)*(A;i)*(i?-A;a,-ag) 

- (K'r [iK'TiB - «s) - ^h-{g-B). 
Now, taking a G-invariant metric d/i with total volume 1, we can define the 2-form 

B := f (h-O) d/i(/i)- / {X-^)*ahd^I{h) 

JG JG 

which clearly satisfies g ■ B = B ior all g E G, and therefore we have that X*B — 
B~ag. _ 

The fact the H is invariant follows from the definition of for (A, a) € 
we have that X*H = H — da. But for all 5 £ G we have that cig = 0, then 
A;i? =H. □ 

In the case that the compact Lie group G acts by extended symmetries 

(5:0^ r(TAf ) ^ JTff 

the change of splitting of lemma HT] defines a map S : g ^ r(TM), 

S{a) =Xa+^a=Xa+L + l-X^B, 

and as the action is only given by diffeomorphisms we have that the 2-forms ^ — 
LXa.H are all equal to zero. Therefore we can conclude, 
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Corollary 4.2. // the compact Lie group acts by extended symmetries and we 
perform the B -field transform of lemma \4J\ then for all a ^ q we have that 

dla - ^xjl = 
where the infinitesimal action is given by S{a) = Xa + £,a- 

Lemma 4.3 (Thm. 2.13 BCG07| ). Let the compact Lie group G act on Til/ by 
extended symmetries. Then, after performing the B- field transform of lemma \jn\ 
the 3-form 

n:=H + n''la e ^*{M)(g)S{2*) 
becomes G -invariant and dQ- closed. Hence, it defines an equivariant De Rham class 



[H] e H^aiM). 



Proof. Let us first check that H is G-invariant, so for a, 6, c . . . a base of g we have 
that 

= CbH + ^"llc^b] + ^°?[fc,a] 

= 

where we have used that Cb£,a — £,[b a]- This last equality follows from the fact that 
the map g r(TM) is an algebra map, and so we have 

lla.b] = ^Xalb~- ^XtXa- 2'^{''XAb~ I^XtXa) + '^X^I'XaH 

= ^xJb - dixJa - '-X^dia + dixj,a + l^xjla 
= ^Xalb- 

Now let us calculate dcH: 

dan = dH + n^'idla - iaH) + ^''^'{ibla + ^alb) 

and as H is closed, d^a ^ i-aH ~ becasue of lemma 1?^ and 

Lbla + l^alb = {Xa + Ca, ^6 + 6> = 

as the action is isotropic (see definition 12. 2p . then dcTi. = 0. □ 

Knowing that the 3-form 7i is invariant and closed, we can conclude this section 
with the following result 

Theorem 4.4. Let the compact Lie group G act on TM by extended symmetries. 
Then the extended equivariant cohomology H* (TM, 5) is isomorphic to the twisted 
equivariant cohomology Hq{M,TI) where H is the equivariant closed 3-form of 
lemma\4.3\ 



Proof. Let us perform the i?-field transform of lemma 14.11 Then we have a quasi- 
isomorphism of extended complexes C*{TAI,S) — > C*(TM, (5) that induces an iso- 
morphism of cohomologies 

Hl{TM,S) ^ H'^{TM,6). 
Now for p E il'{M), we have that 

^5{a)P = ^aP + {dla - ^aH) A /? = CaP, 



12 



ALEXANDER CAVIEDES, SHENGDA HU AND BERNARDO URIBE 



and therefore the extended complex becomes 

C;{TM,S) = {pe n'{M) ® S{q*) \ CaP^O for aU a e q} 
with derivative d^g djj + which can be expanded and transformed into 

d^-g ^ d~H A+n^La + n^A 

= d + n^ia -(H- n%) A 

= dg-HA 
~ d„ tj- 

Thus the extended complex C* (TM, 5) is the same as the twisted complex 

Therefore the cohomologies iJ*(TM, 6) and Hq{M, H) are the same. The theorem 
follows. □ 

Let us finish this section with an example. 

Example 4.5. Let G = and M = where G acts trivially on M, but with 
extended action given by the map 

(5:M^r(T5'i), 6{l)^d9 

where d9 € V,^{S^). The extended equivariant cohomology iJ^ (TM, 6) becomes the 
cohomology of the complex 

n'{S^) (E) R[[n]] with difTcrential d^^s = d- d9VlA 

which is the twisted equivariant cohomology H*i{M, dOH.). 

One can check easily that the closed forms are the odd forms. Now let us see 
which odd forms are exact. Consider the odd form fidOCl^ and the even form gj^-' . 
The equation dg sigj^'') = fidOQ^ is equivalent to the equations dgo — fodO and 
dgi — gi-idO = fidO for i > Q. If f^dO = these equations are solved inductively 
starting from and making sure that one chooses the Qi such that their integral 
satisfies {gi + fi+i)d9 ~ 0. 

Then the twisted equivariant cohomology is 

77^1 (Af , dOfl) = M and i/gi (M, dOQ) = 0. 

With this particular example one can show what happens in the case that the 
twisted cohomology is defined without completing the symmetric algebra. The 
calculations will be done in the Appendix, section [71 

5. Twisted Chern-Weil homomorphism 

In this section we will extend the Chern-Weil homomorphism for the twisted 
case. Then let us start by recalling the basics of Chern-Weil theory. From now on 
the Lie group G will be compact and therefore all equivariant cohomologies will 
have the subscript G. 

Let P be a principal G bundle together with its connection and curvature 
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satisfying tlic identities 

The connection and curvature determine maps 

that induce a homomorphism of graded algebras 

W{q) ^ n*{P) 

which is the unique homomorphism carrying the universal connection and curvature 
to the connection and curvature of P. This homomorphism is called the Weil 
homomorphism . 

If M is a manifold with a G-action, then the Weil homomorphism for the G- 
principal bundle M x P ^ AI xq P (where G-acts diagonally) combined with the 
lifting of forms from M to P x M determine a homomorphism 

w : n*{M) (g) W{g) n*{M x P) 

wich induces a map of basics subalgebras 

w : n*a{M) ^ n*{M x P)bas = Xq -P) 

which is a homomorphism of differential graded algebras. This map is known as 
the Chern-Weil homomorphism determined by the connection in Af x P. 
The induced homomorphism in cohomologies 

W : H*{n*c;{M)) H*{M xaP) 

is independent of the connection in P. Following [GS991 Th. 2.5.1, Pr. 2.5.5], we 
can choose finite dimensional manifolds EGk with free G actions, and equivariant 
inclusions EGk ~> EGk+i in such a way that EG = lim^ EGk becomes a model 
for the universal G principal bundle with EG contractible. Then we have that 
il*{EG) = \im^il*{EGk) and that this complex is acyclic. Moreover, the Chern- 
Weil map for each k 

wk : n*a{M) ^ n*{M xcEGk) 

induces a map 

(5.1) w : n*a{M) -> n*{M Xa EG) = limf7*(Af x^ EGk) 

which becomes a quasi-isomorphism of complexes and therefore an isomorphism of 
cohomologies 

H*{na{M)) ^ H*{M Xa EG). 
Let us show that this result can be generalized to the twisted case. 

Theorem 5.1. Let H be a closed equivariant 3-form in Hq^M) and consider Hk '■= 
Wk (H) and H = lim^ Hk ■ Then the twisted Chern- Weil homomorphisms 

4>k-{% (M) , dn) ^ (^^• [M xaEGk), dn, ) 
induce a homomorphism 

cj,:{n'a{M),dH) ^ {n*(M XGEG),dH) -.^ \im{n* {M x a EGk), dn,) 
which induces an isomorphism in twisted cohomologies 

(j) : H*{n'G{M),li) = H'{M XgEG,H) :=iJ'(f7'(M XGEG),dH). 
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Proof. Even though the complexes ilQ{M) and n'{M EG) are Z2 graded, we 
could use the Z-grading of their untwisted versions to define the filtration FPUq{M) 
and FPil*{M Xq EG) of all forms of degree greater or equal than p. The map (j) 
becomes a homomorphism of filtered complexes and therefore it gives rise to a map 
of spectral sequences with p-th term (j)p : E*-* E^ . 
The first terms of these spectral sequences are 

El'* = {n*c;{M),d) and E*^* = {n*{M Xa EG),d) 

and (f>i is simply the Chern-Weil map W of (|5.ip . By the equivariant de Rham 
theorem the second terms become isomorphic 

: E;-* = H*{n*a{M)) ^ E*^* = H*{M Xg EG), 



then by Theorem 3.9 of [McCOlj if the filtrations are exhaustive and complete we 
would have that (p induce an isomorphism of twisted cohomologies 

(/) : H'{n'G{M),Ii) ^ H'{M XgEG,H). 

Let us finish the proof by showing that both filtrations are complete. The filtra- 
tions are exhaustive because the filtrations were defined by the degree. 

The twisted cohomology H* {nQ{M), H) is complete because the twisted complex 
is complete; this follows from the following equalities 

n{M)^W{Q) = limn{M)^W{Q)/FPS{g*) = limn{M)(g,W{g)/{FPn{M)(g,W{s)). 

For the twisted cohomology H' (M x q EG, H) we will also show its completeness 
by showing it at the level of the twisted complex. For this we just need to show 
that the induced map 

: limr2'(A4) \m\\miVt' {Mk) / EPQ* {Mk) 

is an isomorphism, where we have denoted Mk = M xq EGk to simplify the 
notation. As the filtration is exhaustive, then the map i/j is injective. Now let us 
show that is surjective. 
Any element 

a e hmWmn' {Mk)/FPn'{Mk) 

^k 

consists of a sequence a = {ap}p where ap € lim^k ^'{Mk)/FPQ'{Mk) and 
ap+i I— > Up. Each ap consists also of a sequence ap = {ap^k}k where ap,k G 
fl* (Mk) / FPfl* (Mk) and ap.fc+i 1-^ ap,fe- Therefore we have that the a's satisfy 

o^p+i.k+i I 9- ap+i,fc 



ap,k+i I 3- ap,fc. 

Note that if d{k) is the dimension of Alk — M xq EGk then for p > d{k) we 
have that 

n'{Mk)/FPn'{Mk) = n'{Mk), 

and therefore for all p > d(k), ap^k = Q:d(fc)+i,fc- 

So, define Pk ■= ad(fc)+i,fc and consider the element 

/3 = {/3fc}fc Glimf^'(Affe). 
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We claim that '0(/3) = ot. For this let us see that for p fixed /3 > aj,, and this easy 
to check because for d(k) < p then ap^k — adik}+i,k ~ /3fc, and for d(k) > p then 
= ad(fe)+i,fc ^ Oip^k- 

Then as the map V' is an isomorphism the complex il*(M EG) is complete 
and therefore the twisted cohomology H'{M Xq EG, H) is complete. 

□ 

We have the following useful corollaries: 
Corollary 5.2. If the equivariant cohomology class of twisting form H is zero, then 

oo oo 

H^{%{M),li)'^Y\H'^(i{M) and H^{n'(.{M),'ii) '^Y\h'^^+^{M) 

1=0 1=0 

where Hq(M) is the equivariant cohomology of M . 
Proof. Because H is cohomologous to zero we have that 

H'{n*a{M),li) ^ H'{n'a{M),0) 
and by the Chern- Weill homomorphism we have that 

H'{n'a{M),0) ^ liia H'{M XGEGk,0) 

as the cohomology commutes with the inverse limit. 

The spaces M Xg EGk are finite dimensional manifolds, then their twisted co- 
homologies twisted by zero are isomorphic to their cohomologies but Z2 graded, 
i.e. 

00 

H°{M XGEGk,0)^^H^\M XGEGk) 

i=0 

00 

H\M XG EGk,0) ^^H^'+\M XGEGk). 

1=0 

Taking the inverse limit we have then 



H° {M Xg EG,Q) '^\\_H'^'{M Xg EG) 



H^{M XgEG,0) ^Y[H^'+\M XgEG); 

1=0 

the result now follows from the Chern- Weil homomorphism for the untwisted case. 

□ 

Corollary 5.3. // G acts freely on M, then the twisted equivariant cohomology is 
isomorphic to the twisted cohomology of M/G. 

Pro of. Thi s follows from the fact that twisted cohomology is a cohomology theory 
(see [ASOi) and the fact that M Xg EG and M/G are homotopically equivalent. 
Therefore the twisted cohomology of M EG is isomorphic to the twisted co- 
homology of M/G. Note that in this case the twisted equivariant cohomology is 
finitely generated. This is because M/G is a manifold and its twisted cohomology 
is finitely generated. □ 

Corollary 5.4. The twisted equivariant cohomology satisfies all the axioms of a 
cohomology theory. 
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Proof. Because of the Chern-Weil isomorphism, the twisted equivariant cohomology 
is isomorphiem to the twisted cohomology of the space M Xg EG. Because the 
twisted cohomology satisfies all the axioms of cohomology, the result follows. □ 

Remark 5.5. Corollary 15.41 together with Theorem 14.41 imply that extended equiy- 
araint cohomology for compact Lie groups satisfy the properties of a cohomology 
theory as are the Mayer- Vietoris lo ng exa ct sequence, excision and the Thom iso- 
morphism. This was also proyed in |HUbl | using equiyariant methods. 

Example 5.6. Let us calculate again the twisted equiyariant cohomology of Ex- 
ample 14.51 using the twisted Chern-Weil homomorphism of Theorem 15.11 Taking 
g2k+i ^ ^k+1 ^Yie set ESl, then we haye that M xq EGk = x CP''. The 
cohomology of x CP'' is 

H*{S^ X CP'') = A[d0](g)R[n]/{n''+^) 

and the three form induced by the Chern-Weil map is dOfl. 

As both manifolds and CP'' are formal, the twisted cohomology could be 
calculated from the cohomology of x CP'' and the operator —d9il/\, i.e. 

H^i{S^ X CP''; den) = H' {H'{S^ x CP'':-d9nA)) . 

Then we haye that 

H^iiS^ X CP''; den) =R(d0) ®R{n''). 
Now, if we take the inyersc limit of these cohomologies we get 

lim H's,{S^ X CP''; den) = limR(d6') ® R(n'=) = R(de), 

^k 

which implies that 

H's,{S^ X CP°°;den) =R(de) 
thus agreeing with the calculations done in Example 14.51 



6. HAMILTONIAN actions on GENERALIZED COMPLEX MANIFOLDS 



In this last section we will show how to induce a generalized complex structure 
on M Xg P wheneyer we haye a Hamiltonian G action on the generalized complex 
manifold M and P — > Q is a G-principal bundle oyer a generalized complex manifold 
Q. 

Let us start by recalling the definitions and t heor e ms o f general i zed complex 
geometry that will be used in what follows (see Cavl . iGual . IBCGOTL iHual . ISXOSl . 
|Kr06]). 

Definition 6.1. A generalized complex manifold is a manifold M together with 
one of the following equiyalent structures: 

• An endomorphism J : TM TM such that = —1, orthonormal with 
respect to the inner product (, ) and such that the -y^-eigenbundle L < 
TM (g) C is inyolutiye with respect to the H- twisted Courant bracket i.e. 
[L,L]h C L. 

• A maximal isotropic subbundle L < TM(g)C which is inyolutiye with respect 
to the twisted Courant bracket and such that LCi L = {0}. 
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A line bundle U in A*T*M (g) C generated locally by a form of the form 
p = e^+^'^^ri such that is a decomposable complex form, B and u are 
real 2-forms and H. Afl Aoj^^'^ 7^ at the points where deg(ri) — k; together 
with a section X = X + r(TAf (g) C) such that 

dnp = i^xP = i^xp + A p. 



The equivalence of these three definitions can be found in Gualtieri's thesis [Gua|. 
Let us only note that the elements of TM (g) C that annihilate the form p of the 
third definition define the subbundlc L. The line bundle U is called the canonical 
line bundle of the generalized complex structure. 

Definition 6.2. We say that a Lie group G acts on the generalized complex mani- 
fold (M, JJ) if the group G acts by extended symmetries on TM and if the generalized 
complex structure J is preserved by the action. 

The action is Hamiltonian if there is an equivariant moment map fi : M q* 
such that JJ(c?/ia) — Xa + for all a G g and fiaifn) := j.i(m){a). 

The condition on the moment map could be rephrased as 

tXaP = i-XaP + ^a/^P^ -^/~^dp.a A p 

whenever p is a local section of the canonical line bundle. 
Let us now state the main theorem of this section. 

Theorem 6.3. Let G he a compact Lie group, P —t Q a G-principal bundle such 
that the base Q is compact and is endowed with a generalized complex structure, 
and a Hamiltonian action of G on the generalized complex manifold M . Then the 
manifold M Xq P admits a generalized complex structure. 



Proof. Let us start by choosing the splitting of Lemma 14. 3l for the manifold M thus 
defining a G-invariant twisting form Hi G fl'^{M) and a moment map cr : M ^ g* 
with I{daa) — Xa+ £,a- Let H2 G fl'^{Q) be the t wistin g form of Q. 

Following Weinstein's construction in [WeiTSt (cp. |MS98| . Thm. 6.10]), if we 



consider the cotangent vertical bundle of P 

then every connection 1-form A of P induces an equivariant map (j)"^ : T*^P ^ T*P 
such that the two form uja '.= ('^'*)*Wcan G il'^{T*'"P) is G invariant and restricts to 
the canonical symplectic form of the fibers of the bundle p : T*^P Q (the fibers 
are isomorphic to T*G). Moreover, as the map /ip : T*P — > g*, pp{p, v*) = —L*v* 
is Hamiltonian in the usual sense, with L* : T*P g* the dual of the linear map 
Lp '. Q TpP, LpS, = p ■ then the composition 

fi = ppo<j)^: T*"P ^ 0* 

is a moment map for the G action on the fibers of T*^P. 

If p is the local form defining the gener alized complex structure in Q, it was 



shown in the proof of Theorem 2.2 of jCavj that as Q is compact there exists an 
e > such that the local form 

defines a generalized complex structure on T*^ P with twisting form p* H2. 
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The action of G on T™P is also Hamiltonian with respect to the generalized 
complex structure defined by p and with moment map /i'^ : T*"P g*, /i'^(-) := 
e/i(-); let us see this. Let g T{T*'"P), a i— > Yq, be the infinitesimal action; for 
the action to be Hamiltonian we need the following equation to be satisfied 

which follows from the following set of equalities 

= -V^e{LY,ujA) A e"^"'^^ A p* p 
= -\/^e{dpa) /\p 
= -V^dpl A p. 

Notice that the equation iVa^A — dpa is the restriction to T*"" P of the equation 
which follows from the fact that pp is a moment map. 



We now have that the action of G is Hamiltonian in both generalized complex 
manifolds T*^P and M. Then we can consider the product M x T*^P together the 
generalized complex structure induced by M and T*^ P and whose twisting fo rm is 
Hi +p*H2- The diagonal action of G on Af x T*^P is also Hamiltonian (see Hua . 
Prop. 3.9]) and its moment map is Jl = a® p. Because is a regular value of /jp, and 
therefore of p, then is a regular value of JI. The group G acts freely on T*'"P and 
therefore it acts freely on7i~^(0). By the reduction theorem for Harn iltonian actions 
on generalized complex manifolds (see BCG07 . LT06 . Hua . ISXPSf ) we have that 
the manifold 'p~^{0)/G possesses a generalized complex structure. The manifold 
7I~^(0) can be easily identified with M x P and therefore the quotient M Xg P 
becomes a generalized complex manifold. 

The twisting form for the generalized complex structure on M xq P (following 



Hual . Cor. 4.7]) is the basic 3-form 



Hi +p*H2 + die^'U - ^d{9'e\,^b) e n'iM x p)bas 



where 9°',9'' .. . are the connection 1-forms for the principal G-bundle M x P ^ 
MxgP- □ 



Remark 6.4. Let us finish by noting that in the case that the manifolds BGk are 
symplectic (for example when G = U (n) and the BGkS are the complex grassmani- 
ans) then the manifolds M xq EGk would acquire a generalized complex structure 
with twisting form 

Hi + d{e''^a)-ld{e'd'Lc^b). 

This three form is the same one we used in Theorem 15.11 to construct the twisted 
Chern-Weil homomorphism. 
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7. Appendix 

Let us consider the extended action of the circle on the manifold as in 
example 14.51 and let us calculate the cohomology of the uncompleted complex 
^2*(S'i) (g)R[f^] with differential dgj=d-denA. 

The complex is therefore given by even forms X^ILo Z*^* where fi £ C°°{S^), 
and by odd forms J2jLo 9jd'0^-' with gjdO E n^{S^). It follows that the closed 
forms are all the odd forms. 

Now let us find the cohomology of the complex; for this we need to understand 
which odd forms are cohomologous. If we consider the equality 

(7.1) d,j{f,n^) = ^ddn^ - pden'+^ 

we can see that the following odd forms are all cohomologous: 



~ gode + g.den + ■■■ + gn-zdon^-^ + + + g„_2 ) den^-^ 

an — 1 



9"g„ , 9" ^gn-i , , dgi \ q 



So we can focus only on the odd forms that have only nonzero component in the 
coefficient of . Let us see which odd forms in 9}{S^) = C°°(S'i) 0r R[d6'] are 
exact. We have that 

Y^fju' I =gde 

for fj and g in C°°{S^). This equation implies the following set of equalities: 

d/o = gd9 
dfi - fode 

dfm = fm-ldO 
= fmdd 

and if we check these equations starting from bottom to top, we see that — fm — 
fm-i = • ■ • = /o a-iid therefore none of the forms of the type gdO are exact. Then 
we can conclude that the cohomology of the uncompleted complex is equal to 

H" {n' (S^) (g) R[n]; d^^s) ^0 H\n'{S^)(g)R[n];dg^s)^^HS^). 

Let us see what is the H*{BS^) = R.[n] module structure. We just need to check 
what happens with the forms whose only non zero coefficient is the one of ilP. Then 
il ■ {gd9) = gd9il, and from equation (|7.ip we have that fl ■ gdO ~ ^dO. Then, the 
R[r2] module structure on H'^{n'{S'^) ® R[^\;d^,s) = C°°(5'i) ® R{d0) is given by 
the operator ^ : C°°(S'i) -> C°°{S^), 

H\n'{S^)<gR[n];d^^s) H\n''{S^)<S)R[n];dg,s) 
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It is easy to see now that the torsion submodule of C^{S^) as a R[ri]-module 
is infinitely generated (the functions sm{k9) belong to the torsion submodule). 
Therefore the cohomology iJ*(f2*(5'^)(8)M[f2]; dg,^) is infinitely generated as a 
module and this prevents this cohomology to have a topological meaning. 

Also note that the completed algebra 0*(5^)(8)]R[[0]] is isomorphic to the algebra 

0*(5i)«)R[0] «)M[o] Rp]]. 

Then one may think that one can calculate the twisted cquivariant cohomology by 
tensoring with (g)R[f2jR[[r2] the cohomology of the uncompleted differential complex. 
This turns out to be false in general as one can check from the previous example: the 
twisted cquivariant cohomology is H*i (S^ , dOft) = K meanwhile the cohomology of 
the uncompleted differential complex tensorcd with (8)r[o]K[[^^] is 

which is an infinitely generated M[[f2]]-module. 
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